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Abstract
We analyze the emission spectrum of a (fundamentally quantum) black hole in the Kerr-Newman
family by assuming a discretization of black hole geometry and the holographic entropy-area relation.
We demonstrate that, given the above structure of black hole entropy, a macroscopic black hole
always has non-continuously separated mass states and therefore they descend down in discrete
manner. We evaluate the step size of the discrete spectrum, which vanishes in the extremal limit,
leading to a continuum spectrum as expected from thermal nature of black holes. This further
reveals an interesting relation, in each class, between the dynamic and kinematic length scales for all
black holes belonging to the Kerr-Newman family, pointing towards a possible universal character
across the class, dependent only on black hole mass. Further, we have presented the computation of
maximum number of emitted quanta from the black hole as well as an estimation of its lifetime. We
also argue the independence of these features from the presence of additional spacetime dimensions.
1 Introduction and Motivation
Realization of the fact that black holes behave as thermodynamical objects [1–10] has, since long, been
fuelling the hope of reconciling the quantum theory with the framework of gravity in a successful and
consistent manner. In particular, the thermodynamic nature of black holes suggest a strong connection
between macroscopic geometrical constructs and microscopic quantum behaviour. Thus demystifying
and understanding the black hole geometry has been one of the pioneering goals of modern physics,
which in all likelihood, will provide an useful insight to the quest of arriving at a successful quantum
theory of gravity [11–14]. Different approaches towards quantizing gravity [11–14], emerging out since
the discovery of black hole thermodynamics, have been accordingly oriented, keeping the hope of unifying
gravity and quantum theory in sight. Unfortunately, despite decades of efforts along numerous directions,
which have resulted into many promising candidates for quantum gravity, we have not been able to come
up with a theory that can actually provide a consistent description to unify quantum theory and gravity.
Each of these candidates has offered its own different pathway of studying and understanding different
constructions of gravity, more particularly the black holes. However with no black holes available to
experiment with, and a plethora of quantum gravity theories with their own predictions, the black hole
mysteries [15–23] have led this search to a cross road.
The detections of gravitational waves [24, 25] from merger of two black holes have recently ignited
the debates regarding the inner workings of black holes [15–23, 26–29] and its possible implications for
quantum gravity theories. There have been studies [30,31] to explore the imprints of some non-intuitive
quantum features of the black holes, which appear in many frameworks of quantum gravity. Therefore,
the dynamical evolution of black holes can really act as a lead for testing of our theoretical models
claiming to quantize gravity [32–34].
Apart from the classical gravitational wave emissions, there is also a quantum channel by which a
black hole can emit, known as the famous Hawking radiation [7]. There is a renewed interest in the
quantum emission profile of black holes after the realization gained ground that quantum emission of
black holes may well be hiding its intrinsic quantum face [35–38]. Studies of such quantum emissions
hold their own ground as the tussle between non-compatibility of the quantum theory with principles of
gravity become manifest here, thanks to the thermal nature of the radiation [20,39,40].
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In this work, we will assume that the notion of black hole entropy as perceived in the context of
thermodynamics of macroscopic black holes holds true through the microcanonical counting, in the
quantum domain (see, for example [41–43]). Given the above assumption on the nature of black hole
entropy at a microscopic level we would like to address the question, across these class of theories, is
there any signature of the underlying quantum nature of black holes which gets fossilized in its emission?
In previous works [38, 44], we have explicitly demonstrated that if black holes are indeed a macroscopic
realization of a microscopic quantum geometry and the thermodynamic relation between entropy and
area still holds in the microscopic level having holographic properties, then it is highly unlikely that
the emission from them will have the suggested thermal behaviour. If the geometry (of black hole
spacetime) gets discretized in any fashion, the emission lines from the macroscopic black hole become
hugely discrete in the low frequency regime. Similar conclusions were reached in many other contexts
and their far reaching implications are still being investigated [45–48].
However the scenario depicted in earlier works was for a Schwarzschild black hole, with mass as the
only hair [38, 41, 44, 46–51], while astrophysical black holes are most likely to inherit non-zero angular
momentum as well. Thus in the process of decay, the black hole loses both mass and angular momentum
and as we will show in this work, the inclusion of angular momentum modifies the quantum spectrum of
a black hole drastically. In particular, as we will depict, there will be lot of interesting physics happening
near the extremal limit, which was non-existent for Schwarzschild black hole such as occurrence of a
dense emission spectrum. Further, since black holes are supposed to be thermodynamical objects in
classical theory, the emission lines must be consistent with both thermodynamics and the underlying
quantum structure. As we will see, these two demands are strong enough that result into a discrete
quantum spectrum for black holes [38, 41, 44, 49, 50]. This fact has been aptly demonstrated in the so
called Bekenstein-Mukhanov effect, showing the existence of a minimum frequency and hence the largest
wavelength that a black hole can emit. Note that the above result is based on the assumption that
the entropy-area relation, obtained from the thermodynamics of macroscopic black holes, comes through
in exact form from the underlying quantum counting of this macroscopic realization of the quantum
discrete geometry. However, typically there can be sub-leading corrections to such a relation, which will
come through the exact (say) von-Neumann counting. In Appendix A, we have addressed a class of such
subleading correction which appear across many theories of quantum gravity [52–55]. Interestingly, for
this class of corrections too, the results obtained in this work remain valid. Once we have minimum
frequency of emission, we can track the dynamics of the black hole evaporation, counting the maximum
possible number of emissions as well as the time taken by the black hole to turn Planckian in size where
the laws of emission are supposed to get compromised.
The paper is organized as follows: In Section 2 we analyze the relation of the geometric aspects
of a Kerr-Newman black hole in order to determine the mass gap between the nearest macroscopic
configuration emerging out from a quantum operator which is discretized in integer steps along with the
universal relation connecting various length scales. Subsequently, in Section 3, we estimate the maximum
number of quanta that a Kerr-Newman black hole can emit and hence will provide a rough estimate of
the lifetime of a black hole. Some discussions regarding extremal limit in this discretization scheme
has been presented in Section 4. We finally argue the robustness of our results for higher dimensional
rotating as well as charged black holes in Section 5, before summarizing our main findings in Section 6.
2 Holography and quantum spectrum of black holes
We will work with a premise that a quantum theory of gravity discretizes geometry in any (hitherto
unknown) fashion. There are many candidate theories with different geometric operators getting quan-
tized as well as with different spectrum of quantization [56–58]. The results obtained in this paper
remain fairly insensitive to the details of the geometry quantization as they care only about the course
gained quantities at the macroscopic levels (by which we mean fairly away from being Planck sized).
Throughout this work we will exclusively concentrate on the Kerr-Newman family of black holes, which
is constructed at the macroscopic level from any of the geometric quantization theories, characterized by
the mass M , angular momentum J and charge Q with the horizon located at,
rh = M
1 +
√√√√1−{( a
M
)2
+
(
Q
M
)2} , (1)
where a = J/M is the rotation parameter associated with the Kerr-Newman black hole. Since we are
interested in black hole spacetime, in what follows we will assume that (a2 + Q2) < M2. Note that in
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the limit {(a/M)2 + (Q/M)2} → 1 the term inside square root vanishes and is known as the extremal
limit.
In this context of Kerr-Newman black hole we will assume that certain geometric feature, (e.g., area)
gets discretized, without referring to any particular scheme of quantum gravity. In this approach we
will consider any classical black hole to be a macroscopic realization of the underlying quantum theory,
which still awaits discovery. Remarkably enough, our results will be independent on the nitty gritties
of such a quantum theory, except for the fact that some geometrical object has been discretized. Let
such a geometrical construct, denoted by Z is assumed to have a discrete spectral profile characterized
by f(j), where j symbolizes the quantum level, which, motivated by the compactness of the horizon
we consider to be discrete. The particular form for f(j) will depend on the details of the discretization
scheme, which we will not be bothered about and shall keep it arbitrary.
The classical geometry, which in the quantum theory of gravity will be given by some state ρˆ and is
understood to emerge in the macroscopic limit, when the expectation value of the geometric quantity Z
becomes
Z = Tr[ρˆZˆ] = α
∑
j
njf(j) , (2)
where the fluctuations are understood to be heavily suppressed for macroscopic size system. As mentioned
earlier the discretization spectrum f(j) as of now will be arbitrary, which will be known only when the
correct quantum theory of black holes becomes available. The parameter α is a new scale which is
brought along by the underlying quantum theory and is possibly related to the Planck scale. Further,
the presence of a minimal Planck length in any theory of quantum gravity tells us that Z must be
bounded from below.
In the macroscopic limit let the area of the event horizon get related to this characterizing geometric
parameter as
A = κZγ = καγ
{∑
j
njf(j)
}γ
, (3)
where γ is assumed to be some real positive number1. For example, when Z corresponds to square root
of black hole area, then κ = 1 and γ = 2. If, we further accept that a macroscopic description emerging
from the basic quantum theory should respect the Bekenstein’s entropy-area relation, then there must
also be a way to connect entropy with the quantum description, such that,
S = A4 =
α¯γ
4
{∑
j
njf(j)
}γ
= ln g(n) , (4)
where α¯γ = καγ and g(n) is effective number of micro states giving rise to the macroscopic black hole
configuration, as we consider the black hole as a system in a micro-canonical set up. Many quantum
gravity theories attempt to visualize this number of available microstates through their counting schemes
and have been successful in doing so [12, 59, 60]. Therefore, recovery of this relation from microscopic
counting does not really serve as a very strong discriminator between the available quantum gravity
models. However, we will see (in Section 2.1) that characterizing the nearest allowed configuration may
well be such a tool. Furthermore one can argue that this feature remains true in different ensemble
pictures of analysis as well. From Eq.(4) it is simple to compute the number of micro states, leading to,
g(n) = expS = exp
(
A
4
)
= exp
[
α¯γ
4 F
γ
]
; F ≡
{∑
j
njf(j)
}
. (5)
Clearly, as the number of microstates in the micro-canonical picture has to be an integer, Eq.(5) demands
BF γ/4 = lnK for some variable integer K, corresponding to different area values of the horizon. This
can happen in two possible ways — (a) B/4 = ln I0 and F γ = I; or — (b) B/4 = I0 for some fixed
integer I0, and F γ = ln I for variable integer I, for all possible {nj} (at least) for which
∑
j nj  1, i.e.,
in the macroscopic limit. The choice (a) essentially presents a integer shift [41, 43] in the macroscopic
expectation of the geometric variable, while choice (b) corresponds to a logarithmically discretized geo-
metric operator [61]. We will discuss the scenario depicted by case (a) alone, i.e., in which A = BI. Here
1We can generalize the relation of the area to the discretized variable in a polynomial fashion. Appendix A discusses
the generalization.
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B carries the imprint of the underlying quantum structure and the integer I marks the micro states {nj}
in a collective manner. Following the footsteps, the case (b) can also be taken up with equal ease and the
results remain qualitatively similar to case (a), which we would not report here. Such an integerly dis-
cretized scheme may be advocated on various grounds including quantum gravity as well [12,14,51,62,63].
As the black hole makes a transition from one macroscopic configuration characterized by {nj} to another
macroscopic state denoted by {n′j}, the integer changes from I to I ′.
Before concluding this section we would like to emphasize that the quantization scheme presented here
is completely general, since we have not assumed any particular form for the function F (j) determining
the quantization levels of black holes. As and when a viable theory of quantum gravity becomes available,
it will certainly produce some F (j) and the results derived in this work being independent of F (j), will
be readily applicable. Hence all the results we will derive in this work will have applicability for any
theory of quantum gravity, as long as it predicts quantization of certain geometrical quantity. It is not
at all dependent on the details of the quantization procedure.
2.1 General Analysis
If the macroscopic black hole of the quantum theory, closely resembles the classical black hole configu-
ration, the area and the mass are related through,
BI
4pi = r
2
h + a2 = 2M2
1 +
√√√√1−{( a
M
)2
+
(
Q
M
)2}−Q2 . (6)
It is possible to invert the above relation in order to write down the mass in terms of the discretized area
as
2M = (BI/4pi) +Q
2√
(BI/4pi)− a2 =
√
(BI/4pi)− a2 +
(
a2 +Q2
)√
(BI/4pi)− a2 (7)
We are interested in obtaining the smallest mass difference between two (mass-wise) nearest black holes.
In principle, the nearest neighbour of a black hole of mass M (and hence integer I) can only be larger
than the mass identified by the integer value I + 1. In general, as both the mass and the rotation
parameter of black hole are changed, the area of the black hole can either increase or decrease. For
example, if the mass does not change, but only the rotation parameter decreases, the area will increase.
However, for emission of a particle with certain energy, the mass parameter must be modified. Thus in
general there will be a competition between the change in mass and the change in rotation parameter.
For black holes which is near extremal it is difficult to argue, which one among these two will dominate.
But for black holes having aM , of course the change in mass will dominate and one can safely ignore
the effects of rotation. A similar consideration applies to the charge parameter associated with the black
hole as well. Since we are interested in black holes which are far from being extremal to start with, the
area will decrease as it emits quanta of radiation.
Following the above discussion we will be considering only those transitions for which both the area
and rotation parameter decrease, since these are the ones which are relevant for a black hole away from
extremality. Furthermore, we will be excluding transitions among black hole micro-states having identical
area. Thus it follows that the mass change will be minimum when both Q and a are kept the same.
Otherwise, the change in Q or a will add to the area change and hence the shift in black hole mass will
be bigger. Thus the mass difference between two nearest micro-canonical configurations turns out to be
∆Mmin =
B
16pi
(BI/4pi)− 2a2 −Q2{
(BI/4pi)− a2
}3/2 . (8)
In order to arrive at the above expression we have assumed the black hole to be macroscopic, which
justifies expansion in inverse powers of I. This is because, large value of I implies that most of the
micro-states are already occupied, resulting into a macroscopic description for black holes. However, the
above expression is not very illuminating. To cast the above relation to a more useful form we have
to provide an expression for (BI/4pi) in terms of the hairs of the black hole. Such a relation is being
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Figure 1: The figure on the left depicts how the minimum mass gap, expressed for convenience as
M∆Mmin, changes as (
√
a2 +Q2/M) approaches unity. As the figure clearly demonstrates, with the
black hole approaching extremal limit, the mass gap also tends to vanish. On the other hand, the right
hand figure schematically illustrates how the quantum spectrum gradually becomes continuous as the
black hole approaches the extremal limit. The blue, dot-dashed curve at the top illustrates the case of
Schwarzschild black hole (i.e., with a = Q = 0), from which it is clear that the spectrum will be largely
discrete, as the minimum mass gap appears around the maxima of the distribution. While the red, dashed
curve depicts the corresponding situation for a = Q = 0.35 M and the lowermost green curve illustrates
the case with a = Q = 0.6 M respectively. As evident from the red and green curves, the region spanned
by the dense spectrum gradually increases as the (a/M) and (Q/M) increases. Ultimately, when the
black hole becomes near-extremal the quantum spectrum will become continuous.
supplied by Eq.(6), yielding,
BI
4pi − a
2 =
[
M +
√
M2 − (a2 +Q2)
]2
, (9)
BI
4pi − 2a
2 −Q2 = r2h −
(
a2 +Q2
)
= 2rh
√
M2 − (a2 +Q2), (10)
which along with Eq.(8) leads us to the relation,
∆Mmin =
B
8pi
√
M2 − (a2 +Q2)[
M +
√
M2 − (a2 +Q2)
]2 = B2 TH(η)1 +√1− η2 . (11)
Here TH(η) corresponds to the Hawking temperature associated with the Kerr-Newman black hole and
η2 = (a2 + Q2)/M2, a dimensionless parameter approaching unity as the black hole approaches the
extremal limit. The above expression clearly demonstrates that the minimum mass gap identically
vanishes in the extremal limit. This is because, the term in the denominator takes a value 2 in the
η → 0 limit, while it becomes 1 in the extremal limit. On the other hand, the black hole temperature
TH(η) is directly proportional to 1− η2 and hence identically vanishes in the extremal limit. Therefore
the minimum mass gap also vanishes, implying continuous black hole spectrum in the extremal limit
as shown in Fig. 1. One can further verify that this minimum mass gap exactly coincides with the one
derived from thermodynamical consideration, a crucial test for consistency of the scenario depicted here.
We see that the (in principle) smallest mass gap gets related to the thermodynamic temperature of the
black hole. If this mass gap gives rise to the emission of a quanta in the form of loss of energy, the
frequency of the emitted quanta (ignoring the B/2 factor), will always be less compared to the thermal
frequency associated with black hole temperature. This is because the term 1+
√
1− η2 is always greater
than unity. Notably as, a = Q = 0, then ∆M ∼ 1/M , as it should for a macroscopic Schwarzschild black
hole [38,41,44]. We would also like to point out that as the black hole approaches the classical extremal
limit, i.e., M → (a2 +Q2), ∆M ∼ 0, remarkably the mass gap vanishes, leading to continuous quantum
spectrum of emission, though at extremely small temperature. It turns out that continuous emission
from rotating black hole in the extremal limit can also be derived from calculation of characteristic time
scale of the emission of a quanta from black hole, see [46].
The last property, presented above, is very unique for Kerr-Newman class of black holes and is
absent in Schwarzschild black holes. The result clearly shows that near the extremal limit the quantum
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spectrum of a geometry discretized hole is almost continuous, unlike the Schwarzschild scenario. Thus
the initial discreteness in the quantum spectrum of a Kerr-Newman black hole gradually makes its way
to a continuous spectrum as the black hole approaches extremality (see also [46]).
Before concluding this discussion, let us briefly mention what happens to the mass gap in a more
general scenario, in which both the mass and rotation parameter a change. This is because we normally
expect a black hole to emit its multi-pole moments which apart from carrying energy will carry away
some angular momentum as well. In this situation both area and rotation parameter change once the
black hole makes a jump to the nearest allowed configuration. That immediately leads to the following
most general expression for the mass gap,
∆M = B8pi
√
M2 − a2[
M +
√
M2 − a2]2 + Ma∆a[M +√M2 − a2]2 . (12)
As evident from the above relation, by setting ∆a = 0 we get back the original relation for the minimum
mass gap derived in Eq.(11) (with Q = 0). This explicitly shows that the mass gap due to quantum
nature of underlying geometry does not betray black hole thermodynamics, since it directly follows
from the first law of black hole thermodynamics. Hence our initial assumption that black holes are
macroscopic, behaving as a thermodynamic object holds good even when the geometry is discretized
(see also [41, 43, 49]). Also note that for nonzero ∆a the mass gap will be higher from the minimum
value. In what follows, we will concentrate on this characteristic minimum energy that a quantized
(yet, macroscopic) black hole may emit and whether using this distinctive signature originating from the
interface of quantum theory and gravity one can make any concrete prediction which can be falsified.
2.2 Connecting micro and macro length scales
In order to understand the behaviour of the mass gap, let us now introduce two more length scales in the
problem — (a) the thermal de Broglie wavelength (for massless particles) λT ∼ (1/T ), signifying the scale
set by the thermality of the black hole [64–66] and (b) the Compton wavelength λc ∼ rh [42, 43, 49, 67],
where rh is the location of the event horizon, marking the size of the black hole. The smallest mass
difference ∆Mmin corresponds to a minimum emission frequency and hence to a maximum emission
wavelength λmax. Thus given Eq.(11), the maximum wavelength takes the following form,
λmax =
(
8pi
B
) (M +√M2 − (a2 +Q2))2√
M2 − (a2 +Q2) . (13)
On the other hand, the thermal wavelength λT and the Compton wavelength λc for Kerr-Newman black
hole take the following form,
λT =
4piM
(
M +
√
M2 − (a2 +Q2)
)
√
M2 − (a2 +Q2) , (14)
λc = M +
√
M2 − (a2 +Q2) . (15)
It is possible to express the largest emission wavelength λmax in terms of both λT and λc individually,
i.e.,
λmax =
(
8pi
B
)(
λT
4pi
)[
1 + 1(
λT
4pi
) 1
M − 1
]
, (16)
and
1
λmax
= B8pi
(
1
λc
− M
λ2c
)
. (17)
Hence, we readily obtain that in the near-extremal limit, i.e., when
(
a2 +Q2
) → M2 and hence
λmax ∼ λT, but not as λc. Thus for nearly extremal black holes the maximum wavelength (or, minimum
frequency) scales with the thermal wavelength but not the Compton wavelength. Since the minimum
emission frequency is intimately connected to the quasi-normal mode frequency of a black hole [68–70],
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the above observation suggests that in the near extremal limit, the minimum quasi-normal mode fre-
quency of a black hole, has nothing to do with its size (which is ∼M) but with the thermal scale (which
scales as ∼ √M2 − (a2 +Q2))! Moreover, interestingly, it is possible to combine all the three length
scales in a convenient manner to obtain,
λmax =
(
8pi
B
)
λcλT
4piM . (18)
This expression relates the three distinct length scales of a black hole through its mass. Note that
in the limit of vanishing charge and rotation, the thermal and the Compton wavelength both scale
proportional to the black hole mass, such that the maximum wavelength for Schwarzschild black hole
becomes λmax,sch = (8pi/B)4M . Therefore, using the maximum wavelength for Schwarzschild, one readily
arrives at the following dimensionless ratio,
λmax
λmax,sch
= λcλT16piM2 . (19)
Since the maximum wavelength λmax dictates whether the quantum spectrum of a black hole is dense or
not, the above relation is a measure of the denseness of the emission spectral profile of a Kerr-Newman
black hole viz-a´-viz its Schwarzschild counterpart. One can actually write down a constant, independent
of the nature of black hole hairs except its mass, out of the above length scales. This constant may be
dubbed as universal among all the black holes having identical mass, i.e., it is independent of the charge
and/or rotation parameter of the black hole. This can be achieved by noting that λc,sch = 2M and
λT,sch = 8piM , thus we obtain
λmax
λcλT
= λmax,sch
λc,schλT,sch
. (20)
The universality of the ratio (λmax/λTλc) stems from the fact that it is independent of whether the black
hole is Kerr-Newman or Schwarzschild and speaks about the fundamental length scale of quantization
of geometry (see Eq.(18)). Further, this tri-ratio of infrared physics cooks up an ultra-violet invariant of
the theory of the black holes. Since this gives the parameter strength of the underlying quantum theory
of black holes, it is an observationally realizable infrared test on the models of quantum gravity. When
compared to using sub-leading corrections to the area-entropy relation [54, 71, 72], this tri-ratio is much
more favourable to decide in favour of a theory observationally. Measurement of λc for a black hole will
be feasible in near future as the Einstein telescope starts operating [73] as it can determine the photon
radius of the black hole to sufficient accuracy. While measurement of λT and λmax is not going to happen
for a real black hole in foreseeable future, but it is indeed possible for analogue systems. There one can
simply check whether such a relation exists and whether it can directly tell us something useful about
the underlying quantum structure without having to probe “quantum gravity”.
3 How long can a astrophysical black hole live?
We have obtained the expression for the smallest frequency to be emitted from a black hole as long as
the mass of the black hole is large compared to the Planck mass. Therefore, in principle, we can follow
the footprints of black hole emission obtained in earlier sections, till the time it turns into a Planck mass
object, where the approximation of large mass, would no longer remain applicable. Therefore, through
these calculations, we could in principle evaluate how many quanta a black hole could radiate before it
settles into such a Planck mass system. Since we are interested in astrophysical black holes, the presence
of the electric charge can be safely neglected and hence we will only concentrate on Kerr black hole in
what follows.
3.1 Number of emitted quanta
In order to obtain an upper bound on the number of emitted quanta, we will assume that throughout
its evaporation the mass change brought about in the hole is only through the minimum mass change
at each step. Thus difference between the initial Ii (which signifies the starting hole mass) and the final
If (signifying the Planck mass hole) should yield the number of quanta emitted. Let the initial mass
be Mi with the rotation parameter being ai. Similarly, for the final state we have af representing the
7
final rotation parameter and Mf being the final mass. Let η2 = a2/M2, then for initial and final state
we immediately obtain,
B
4piIi = 2M
2
i
[
1 +
√
1− η2i
]
, (21)
B
4piIf = 2M
2
f
[
1 +
√
1− η2f
]
. (22)
Introducing the final black hole mass a fraction of the initial mass Mf = µMi, we obtain the (largest)
number of emitted quanta for the process Mi →Mf , for the integer discretized black hole as,
Nif =
8pi
B M
2
i
[(
1− µ2)+ (√1− η2i − µ2√1− η2f)] . (23)
In general if a macroscopic black hole emits thermal radiation as prescribed by semiclassical physics
[7, 74, 75], then the quanta emission for a Kerr black hole will go on till it either becomes extremal or
Planck sized. At the extremal limit, the temperature of the black hole becomes vanishingly small and
hence the minimum energy will also go to zero (see Fig. 1). In such a scenario, if the final state of the
hole turns out to be extremal, then, ηf = 1, hence the number of quanta emitted would be given by,
Nextremal =
8pi
B M
2
i
[(
1− µ2)+√1− η2i ] . (24)
With the end state being an extremal black hole, the maximum number of emitted quanta would cor-
respond to the situation when besides being extremal the final black hole also turns out to be Planck
sized, such that µ→ 0, in which case the maximum number of quanta would be,
Nmaxextremal '
8pi
B M
2
i
[
1 +
√
1− η2i
]
= Ii . (25)
While the minimum number of emitted quanta for the extremal case would correspond to the case µ ∼ 1,
i.e., the black hole becomes extremal very quickly much before reaching the Planck size and hence,
Nminextremal =
8pi
B M
2
i
√
1− η2i . (26)
Further it will be useful to ensure that, the black hole, by emission of these quanta, is indeed going
towards extremality. This can be done by imposing the condition that the rotation parameter and
the black hole mass M are changing in such a manner that ηf > ηi. For example, if a2f > a2i , while
Mf < Mi then the above criteria will be trivially satisfied. Also, note that for ηf > ηi, it follows that
(1−η2f ) < (1−η2i ) and hence, we arrive at, the inequality, (If/Ii) < µ2. Since the black hole is supposed
to decay to lower and lower I values, the above condition ensures that it will certainly be driven to
extremality.
However, as the black hole tends to reach an extremal configuration, i.e., the mass and the rotation
parameter are comparable with one another, there are many factors that comes into play. First of all, in
this case even for a finite decrease of mass and rotation parameter, the area can increase. Further, the
determination of minimum mass gap becomes non-trivial and hence cannot be performed in a general
context. This complicates the scenario significantly. In the semi-classical context it is certainly possible
to perform a numerical analysis of the perturbation equations for various spin fields and hence determine
the final state of the black hole. This has been worked out in [76,77] using numerical techniques, whose
results we briefly recall. First of all for generic situations, with all possible spin fields into account, it is
expected that the rotating black hole will end up as a Schwarzschild one with spin-1/2 particles carrying
away maximum energy. On the other hand, if all the emissions are through scalar fields alone, it follows
that the end product will be a rotating black hole with a/M ∼ 0.555 [78]. In our case as well, we are
interested in change in black hole area such that mass changes by the minimum amount ∆Mmin. This
is certainly the case for scalar particles, as they do not take away any angular momentum. Further, the
assumption that the black hole is always away from extremality is also borne out by the fact that the
end product of a rotating black hole will have a/M ∼ 0.555 < 1 [78]. Hence, semi-classical physics would
suggest to substitute ηf = 0.555 in Eq.(23). Thus the analysis presented above naturally adopts to the
semiclassical emission rates as well.
Furthermore, note that in our analysis we have considered quantum emission from black holes, rather
than emission of quanta through semiclassical processes. Factors like grey body will make the emission
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process less efficient, leading to enhancement in lifetimes. However, we, in this work are more interested
in finding out the quantum steps allowed for a macroscopic non extremal black hole. Hence in this case
rather than the grey body factors, the distribution and probability of emission of these quanta is more
important. These are the factors, which have been used in [41] to determine the time scale of a black
hole as we will discuss in the next section. Moreover, the analysis presented above provides an order of
magnitude estimate and is by no means exact. There can be several additional factors including some
form of the grey body factors, which will modify the numerical estimations. However, the key result,
namely the number of quanta scaling as M2 will not be affected.
Thus given the initial mass and the final mass, along with the charge and rotation parameters it
is possible to obtain the maximum number of quanta a black hole could emit. Depending upon the
spin S of the emitted quanta, we can associate the dimensionality (2S + 1)N to the emitted radiation’s
Hilbert space quantum theoretically. Since the characteristic emission time for a quanta is related to
the frequency it is emitted at, we can calculate, dynamically how long a black hole will last before it
emits the quanta to turn into a Planck star or a extremal remnant. We can visualize the black hole
emissions as jumps within macroscopically distinguishable configurations which must be microscopically
orthogonal too. In that case we can also find out the fastest time in which a black hole can vanish [79].
This will also give the fastest route for a black hole to emit all its information. This exercise we leave
for a future computation.
3.2 Lifetime of a black hole
Given the number of maximum possible quanta of emission we can estimate the maximum possible lifetime
of a black hole. To this end, we will assume that all the emitted quanta have the minimum energy ωmin,
so that one can introduce a characteristic time scale τ , identical for all the emitted quanta. A natural
way to determine the time scale τ is through the following equation for the mass loss rate [41]
dM
dt
= −2ωmin
τ
. (27)
At this stage one assumes some form for the mass loss rate and hence determine τ . Subsequently this
time scale is coupled to the number of emitted quanta, leading to an estimation of the lifetime of a black
hole. Since we are considering only the minimum energy quanta, it immediately follows that the time
period computed here will provide an upper bound to the lifetime of a black hole.
To proceed further it is natural to assume that the above mass loss is due to thermal emission.
From which it is possible to determine the mass loss rate in terms of the area and the temperature of a
astrophysical Kerr black hole as
dM
dt
= −
(
2pi2
120
)
(Area) T 4
=
(
− 11920pi
) [
M2 − a2]2
M3
(
M +
√
M2 − a2)3 , (28)
where we have used expressions for the horizon area A and the black hole temperature T in term of the
black hole parameters (M,a). Note that the minus sign in front of Eq.(28) ensures that the mass decreases
with time. Finally equating Eq.(28) with the right hand side of Eq.(27), we obtain the characteristic
time scale τ of emission of a minimum energy quanta to be,
τ = 480BM3
(
M +
√
M2 − a2){
M2 − a2
}3/2 . (29)
Note that in the case of Schwarzschild black hole (i.e., with a = 0) the time scale becomes proportional
to M [41], while in the extremal limit, obtained by taking a2 → M2, τ diverges. This suggests that in
the near extremal region it takes a large time to emit the minimum energy quanta. This is expected as
in the extremal limit the temperature of the black hole vanishes. The total lifetime of a black hole can be
obtained by multiplying the average time scale τ with the total number of emitted quanta. In principle
it should be obtained by integrating over the total time period of the black hole and since τ diverges, it
takes an infinite time to reach the extremal limit. On the other hand, if we follow the analysis of [78]
with a large number of scalar fields being present whose quanta are emitted from the black hole, then for
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the final state a/M ∼ 0.555. Thus one can simply substitute the same in Eq.(29) to obtain τ ∼ 1528BM .
This is three times larger compared to the corresponding Schwarzschild scenario. Thus the time scale of
emission of a single quanta for a rotating black hole is larger compared to a static black hole. While, if
the black hole is far from being extremal, as a crude estimate we can take the number of emitted quanta
to be ∼M2 and time scale of emission of a individual quanta as ∼M , then the total lifetime of a black
hole will be ∼ M3, which is certainly large. The feasibility of this scheme for an isolated primordial
black hole survivability is an interesting point to dwell upon, which we defer for future.
4 Extremal limit of a black hole
In this section we would like to show that a few results derived in the context of extremal limit of a
macroscopic black hole also hold even when the black hole is assumed to have discrete structure. In the
context of macroscopic physics it has been demonstrated that, if one throws a charged particle inside a
Kerr (or, Kerr-Newman) black hole then one can gradually arrive at an extremal black hole. We would
like to show that the same is true for our case as well, i.e., if we consider the black hole characterized by
mass M and angular momentum J ≡Ma to transform into another black hole with parameters (M¯, J¯)
by jumping down the discrete geometry spectrum, it actually evolves to an extremal configuration. We
further assume that the rotating black hole emits an quanta with the minimum energy ωmin with respect
to the asymptotic observers, such that its mass change of the black hole corresponds to ∆M = ωmin and
the change in angular momentum being ∆J = (J/M)∆M , such that δa ≡ δ(J/M) = 0. Then one can
construct the following dimensionless quantity,
Θ(M,a) = Tnew − Told
Told
, (30)
where, Told corresponds to a rotating black hole with parameters (M,J), while Tnew relates to the black
hole with (M − ∆M,J − ∆J). Assuming ∆M  M , we have the dimensionless ratio Θ taking the
following form,
Θ(M,a) = M∆M
M2 − a2
[√
1− η2 − η2
]
; η = a
M
. (31)
Thus note that for η ≥ 0.79 (which is a solution of the algebraic equation η4 + η2 − 1 = 0), the
dimensionless quantity Θ < 0 [80]. Hence as the black hole emits the minimum quanta the η gradually
increases as a is fixed, while mass M decreases, thus one will eventually end up with a higher negative
value of the Θ parameter. This suggests that one arrives at the extremal limit as the black hole loses
mass gradually by jumping into lower quantum states. An interesting fact with the above expression
is that for η < 0.79, the temperature associated with the new black hole is actually greater than the
temperature of the old black hole, which is the signal of domination of Schwarzschild character again.
Let us now briefly mention how to connect this up with the physical process of lowering a charged
particle gradually into a Kerr black hole. In particular we will consider a situation where a particle of
mass µ and charge q is being dropped slowly into a Kerr black hole. We will assume that this will make
the black hole to absorb n quanta, such that it jumps from initial configuration I → I + n while the
angular momentum J is unaltered. Thus the original black hole with mass M and rotation parameter
a = J/M becomes another black hole with mass M + E and rotation parameter J/(M + E). Here E
corresponds to the energy contributed by the charged object. Then from Eq.(6) we obtain,
Bn
4pi = 2(M + E)
[
(M + E) +
√
(M + E)2 − J
2
(M + E)2 − q
2
]
− q2 − 2M
[
M +
√
M2 − J
2
M2
]
= − Mq
2
√
M2 − a2 − q
2 + 2E
[
M +
√
M2 − a2
] [
1 + M
M +
√
M2 − a2 +
M2 + a2√
M2 − a2 [M +√M2 − a2]
]
.
(32)
The above expression must remain finite in the extremal limit as well, since we would like to impose the
condition that if the initial black hole is extremal then the final black hole should also remain extremal
at most (i.e., does not become a naked singularity). Thus the requirement of divergent terms in the
above expression in the extremal limit forces the energy associated with the charged particle to be
E = q
2
4M . (33)
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Incidentally, this exactly coincides with the universal minimum energy that can be supplied by a charged
body and is also the energy supplied in extremal situation by a charged particle [80]. This result was
derived earlier using the classical black hole picture, while here we have merely computed the changed
in the energy levels due to lowering of this charged particle in the black hole. Note that if the particle
had no charge, i.e., if q = 0 then the above expression will require E to identically vanish. Further using
the above expression for E , in the extremal limit we obtain,
Bn
4pi =
∆A
4pi = −q
2 + 4EM = 0 . (34)
Thus remarkably, the area does not change when the energy carried by the charged body coincides
with q2/4M , the universal minimum energy that a charged object can supply. Hence as the black hole
approaches to the extremal limit, the classical universal features associated with them are borne out by
our quantum schemes as well.
5 Generalization to Higher Dimensional Black Holes
So far, our discussion was concentrated on Kerr-Newman solution in four spacetime dimensions alone. In
this setting we have observed that in the extremal limit the black hole emission spectra becomes almost
continuous. We can similarly ask if such characteristic features of a rotating black hole are retained in
higher dimensions.
Let us start by considering Kerr black hole in higher dimensions, characterized with a single rotation
parameter a [81–85]. In D spacetime dimensions the horizon of such a rotating black hole is located at
r = rh, where rh is a solution of the following algebraic equation,
r2 + a2 −Mr5−D = 0 . (35)
In general obtaining a solution for rh for arbitrary D is difficult, so we will consider only the case D = 5.
For a five dimensional spacetime the above algebraic equation can be readily solved resulting into the
following horizon location: rh =
√
M − a2. Note that in this case the extremal limit is defined as
M → a2. The area of the event horizon for the rotating black hole in five dimensions can be easily
computed, resulting into A = 2pi2rh(r2h + a2). Thus if the black hole is discretized in integer steps (see
Section 2) then the following relation can be obtained,
BI
2pi2 = M
√
M − a2 . (36)
We can compute the minimum mass change for the higher dimensional solution following exactly an
identical procedure as in Section 2.1. In particular we keep the rotation parameter a fixed and then
consider the mass change as the integer I drops to (I − 1). This results into the following expression for
minimum mass change,
∆Mmin =
B
pi2
√
M − a2
3M − 2a2 . (37)
Thus again the mass change vanishes in the extremal limit, which corresponds to M = a2. Thus our
conclusion remains unchanged as we consider a five dimensional rotating solution.
For completeness let us also consider a charged black hole in five dimensions. One can immediately
compute the location of the event horizon by setting grr = 0. This in turn implies that the horizon loca-
tion can be obtained by solving the following algebraic equation, r4−2Mr2+Q2 = 0. The corresponding
solution for the event horizon becomes
r2h = M +
√
M2 −Q2 . (38)
Here M → Q corresponds to the extremal limit. In this context the horizon area is being given by
A = 2pi2r3h, such that for integer discretization scheme, the above area-mass relation reduces to,
B2/3I2/3 = M +
√
M2 −Q2 , (39)
One can in principle invert the above relation and obtain the mass in terms of the integer I. Then
again considering the transition of the black hole from I to I − 1, the minimum mass separation can be
immediately obtained as,
∆M = −BQ
2
3
[
M +
√
M2 −Q2
]−5/2
+ B3
[
M +
√
M2 −Q2
]−1/2
. (40)
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In this case as well, note that in the extremal limit, i.e., as M → Q, one essentially obtains a vanishing
contribution to ∆M . Thus in the case of a higher dimensional charged black hole, in the extremal limit,
the quantum spectrum becomes dense again. Thus one can expect that in higher dimensions too, in the
extremal limit, all the black holes in the Kerr-Newman class do produce continuous quantum spectrum,
visually contrasting them with the Schwarzschild case.
6 Conclusion
In this work, we have studied the emission pattern of a classical black hole which is a macroscopic
realization of an underlying quantum gravity theory, where some geometric feature of spacetime geometry
gets discretized. We have obtained the spacing between distinguishable macroscopic configurations such a
hole is allowed to have, which has revealed many interesting features when applied to the Kerr-Newman
class of black holes. The smallest frequency of emission gets related to the temperature of the hole
through the de-Broglie thermal wavelength associated with the emission profile. This is unlike a normal
blackbody where the minimum frequency of emission is determined by the size of the blackbody. The
computations presented here have many significant implications involving black hole information release,
life time, scrambling time etc. Below we provide the key findings of this work:
• Generality of the Approach: The approach of area quantization presented here is completely general
and certainly encompasses the more familiar integer area quantization scheme. Note that unlike
previous works in this direction, the geometric operator which is being quantized is taken to be
arbitrary, it could be area but need not be so. Then, the scheme of quantization is also arbitrary
and determined through the function f(j). Interestingly, all the results presented in this work goes
through for any choices of f(j) and even in this general setting the quantization of area can be
established. Hence, as and when any theory of quantum gravity provides us a quantization scheme
for geometric operators, the results presented here will remain directly applicable.
• Smallest frequency of emission: The emission profile of the black hole admits a smallest mass
(or frequency) gap. This comes just from the micro canonical counting of the entropy and is
independent of any quantum modelling whatsoever. If the area changes by integer steps, the
minimum frequency a black hole can emit, while jumping to nearest allowed configuration, scales
inversely proportional to the hole’s mass for the Schwarzschild case. Therefore, the collection of
black hole radiation looks vastly discrete given the fact that the semi-classical radiation is expected
to be thermal with the temperature inversely related to the mass. Similarly, for the Kerr-Newman
black holes too, the minimum frequency gap between the nearest allowed configuration is set by
the temperature the black hole is at.
• Dense spectrum and extremal limit: For Kerr-Newman black hole it is possible to consider the ex-
tremal limit. In this case the minimum mass gap becomes vanishing. Thus unlike the Schwarzschild
scenario in this case the quantum spectrum can become dense, as the rotation parameter and/or
charge of the black hole increases.
• Connecting micro-physics to macro-physics: For a macroscopic black hole, much of the information
about its inherent quantum nature gets washed out. For example, its entropy, mass, maximum
number of quanta it could emit would not change. However there are also quantities which know
about the effect the quantum theory brought into the macroscopic parameters of the hole. We
identified three such quantities: mass gap, time scale and a relation among the length scales. The
last one among these is of significant interest. It relates three length scales associated with a
black hole in a universal fashion. Therefore observation of these associated quantities presumably
will reveal the parameter (e.g. Immirizi parameter [55], string tension [86], non commutativity
parameter of space-time [87] etc.) associated with the black holes’ discretization scheme.
• A road to Planck scale remnant: Based upon our estimates of the minimum frequency of emission,
we can calculate maximum possible number of quanta a black hole can emit before it turns extremal
and/or becomes Planck sized. One can determine the number of quanta starting from the initial
configuration, upto the time where the classical/semiclassical approximation breaks down. There-
fore, one can also estimate the maximum possible information content, available with the radiation,
once the evaporation has ended. With such emission profile one can also obtain a characteristic
time scale of the black hole, which tells us about the time phase corresponding to a particular
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configuration a black hole adopts in course of emitting radiation. These studies may potentially
provide insights regarding at least two crucial issues — (a) a qualitative estimate of the amount of
information a black hole is entitled to emit with its correspondence with information loss paradox
and (b) an estimate for the lifetime of a black hole, i.e., survivability of a black hole.
The results obtained here open up many frontiers of analysis, some of which are already discussed.
We will like to pursue these aspects elsewhere. As the most useful insight obtained from this work, we
would like to stress here is the infrared region of the black hole emission may be much more richer in
terms of revealing the ultraviolet physics a microscopic theory is built up of. Further research in this
direction is indeed warranted.
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A Appendix: Quantum gravitational correction to the area re-
lation
From various quantum gravity models, the area entropy relation are expected to receive sub-dominant
corrections of quantum gravitational origin [52–55] of the form
S = A4l2p
+ p
q
ln σA4l2p
, (41)
where p and q are some integers and lp corresponds to the Planck length, where as σ is a constant. Using
the expression for area in terms of discretized geometrical operator, it follows that the above expression
can be written as,
S = B4l2p
F γ + p
q
ln σB4l2p
F γ , (42)
where the results from [44] has been used. So far we have based our analysis on the leading order
entropy-area relation. However in view of the above correction it is legitimate to ask the effect of the
Logarithmic correction of area on the discrete quantum spectrum. We will show that such corrections
terms will restrain the discretization scheme significantly and will also lead to more sparse emission
spectrum. The number of microstates associated with the expression for entropy as presented in Eq.(41)
can be expressed as
ln g(n) = B4l2p
F γ + p
q
ln σB4l2p
F γ . (43)
Therefore, it immediately follows from the above expression that,
g(n)q = F pγ exp B˜F γ , (44)
where we have absorbed the constants σ and B/4l2pσγ in the redefinition of F γ and in defining a new
parameter B˜. Clearly for g(n) to be an integer with p, q ∈ Z+, one requires B˜ = ln I0 and F γ = I to
be the only possibility, where I and I0 are integers. Therefore the discussion with the integer step area
variation as presented in Section 2.1 will dictate the emission profile. For the case p < 0 one can obtain
a superset of solution space from
g(n)q = F−|p|γ exp B˜F γ , (45)
again leading to the same result as above, though with the use of a further condition: I = nI0 for some
integer n. Thus quantum gravity corrections in micro-canonical counting scheme will also lead to a
largely discretize the black hole emission spectra.
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